Intensity distribution of the parhelic circle and embedded parhelia at
  low solar elevations: theory and experiments by Borchardt, Sarah & Selmke, Markus
Intensity distribution of the parhelic circle and embedded parhelia at low solar
elevations: theory and experiments
Sarah Borchardt1 and Markus Selmke2, ∗
1Universita¨t Leipzig, Linne´str. 5, 04103 Leipzig, Germany
2Universita¨t Leipzig, Institute of Experimental Physics I,
Molecular Nanophotonics Group, Linne´str. 5, 04103 Leipzig, Germany
We describe the intensity distribution of the parhelic circle for plate-oriented hexagonal
ice crystals at very low solar elevations using geometrical optics. An experimental as well
as theoretical study of in-plane ray-paths provides details on the mechanism for several
halos, including the parhelia, the 120◦ parhelia, the blue spot and the Liljequist parhelia.
Azimuthal coordinates for associated characteristic features in the intensity distribution are
compared to data obtained using a rotating hexagonal glass prism.
I. INTRODUCTION
Atmospheric optics phenomena associated
with refraction represent instructive examples
for the concepts of geometrical optics. The un-
derlying principles of the formation of a rain-
bow for instance provide a classic example in
standard courses of optics. Table-top demon-
strations include the illumination of a round-
bottomed flask containing water, a single sus-
pended droplet of water [1] or a transparent
acrylic cylinder [2]. The much lesser-known
phenomena of parhelia (PH), also called son
dogs, are attributed to hexagonal plate-like ice-
crystals instead of water drops. They can be
observed all-year and even more frequently than
rainbows by the informed observer: On aver-
age, they can be seen twice a week in parts
of the United States and Europe [3, 4] and
only require high clouds or cold air harbouring
the tiny crystals. At low solar elevation, these
crystal refract light by an angle no less than
θminPH = 22
◦, corresponding to the azimuth at
which the parhelia appear. But then again, this
particular halo is only the most common type of
a whole panopticon of intricate arcs, bows and
spots that occasionally decorate the sky. Apart
from chemical methods to generate artificial ha-
los that have been at least as early as 1831 [5–7],
the classic rotating prism experiment has long
been used since A. Bravais [8–10] to study ha-
los, commonly using equilateral prisms. Several
more recent publications in the English litera-
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ture [7, 11, 12] reported on such single crystal
laboratory demonstrations, showcasing their po-
tential in understanding ice halo phenomena. In
contrast to equilateral prisms, hexagonal glass
prisms provide a fair analog of the hexagonal
ice crystals which produce halos. As homogeniz-
ing light pipes [13], high precision glass prisms
with hexagonal cross-section have recently be-
come commercially available (e.g. Edmund Op-
tics GmbH). The artificial halos which can be
investigated include several that cannot be pro-
duced with triangular prisms [7, 12].
Although the index of refraction of the com-
mon BK7 glass prism material, n = 1.530 for
blue light and n = 1.515 for red light, is differ-
ent from that of ice of about n = 1.31, the dis-
persion is similar. Longer wavelengths, i.e. red
colors, experience a slightly lower index of re-
fraction than shorter wavelengths (blue colors).
Consequentially, the coloring of the halos, artifi-
cial in an experiment or natural, is similar. Still,
the angles at which they appear and the extent
for each halo will differ.
Combined with a rotary stage, a single hexag-
onal rod can simulate the random orientations
about the vertical axis in a large ensemble of
plate-oriented crystals that cause halos such as
parhelia [3]. This allows a detailed and instruc-
tive investigation of a series of phenomena us-
ing only ray-optics supplemented by Fresnel’s
transmission and reflection coefficients. In par-
ticular, the parhelic circle (PHC) becomes ap-
parent, which is a circle at the solar almucan-
tar that spans the entire azimuthal range of the
sky [3, 4, 8, 14]. Three different types of crys-
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2tal populations can produce this halo, including
plate oriented, horizontal columns and Parry ori-
ented crystals. The former one is typically the
most common contributor. We therefore focus
on plate oriented crystals, both experimentally
and theoretically. The PH may be considered
as being just the most prominent contributor to
the PHC intensity pattern. The common 120◦
parhelia, the recently confirmed [15] blue spot
and the Liljequist parhelia which appear at low
sun elevations are further features of the com-
paratively complex PHC. The ray paths that
contribute to the PHC range from simple exter-
nal reflection to more intricate paths involving
two refractions and several internal reflections
[3, 4, 8]. As we will show, prism experiments
and ray-by-ray studies permit a rich understand-
ing of the contributing mechanisms, at least for
near-zero solar elevations.
II. RAY OPTICS AND INTENSITIES
Using the laser beam of a focusable laser
diode (cheap ones are available on ebay), the var-
ious types of ray paths that occur for a hexagonal
prism can be investigated individually. Specifi-
cally, using a blue laser diode has the distinct
advantage of a visible ray path throughout the
prism via the excited autofluorescence of the
prism material. Some of the most important
rays for the PHC, excluding rays entering the
top face, are shown in Fig. 1. A discussion of
these requires some classification. We here adopt
the system of the book by Walter Tape [3]: A ray
path is notated according to the order in which it
encounters the prism faces. The top and bottom
basal faces are numbered 1 and 2, respectively,
while the remaining side faces are numbered 3
to 8 in counter-clockwise fashion. Still, each ray
will possess a mirror ray, but both will be named
after the member which gives rise to an intensity
towards the right side of the sun. A longer string
corresponds to a more complex path.
Theoretical investigations of halo character-
istics using geometrical optics [3, 16–21] can be
done using any of the freely available halo sim-
ulation tools. HaloSim [22] for instance allows
the refractive index to be set, and choosing a
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FIG. 1. Color-inverted (false colour) photographs
of various light rays through a BK7-hexagon using
a focusable laser-diode. (a)-(f) Consecutive seg-
ments of equal intensity signify total internal reflec-
tion, whereas a change indicates a partial reflection
according to the Fresnel coefficients. Rays of type
3-7 are responsible for the 22◦-PH, 3-5-7-3 rays for
the 90◦-PH, and 3-8-7-5 as well as 3-5-6-7-3 for the
Liljequist PH. (g)-(i) Defocused parallel illumina-
tion shows several bundles of rays each following the
same path (bottom row).
user defined fisheye perspective centering on the
zenith allows simulation of the entire sky, includ-
ing the full PHC. Details on polarisation and
additional diffraction [23] may for small crystals
also be included in such models. However, while
such software packages give a good impression of
the whole sky and a wealth of information on the
observable halos, the Monte Carlo approach em-
ployed does not lend itself to analytical progress
concerning the angular positions of halo features.
A simpler and more insightful approach is
suitable for the PHC due to plate oriented crys-
tals at low solar elevations. It will therefore be
particularly appropriate for the experimental sit-
uation of a rotating prism. A detailed analysis of
the ray paths and their geometrical constraints
was outlined in Refs. [24–26]. Extending this
approach to all major ray-paths of the PHC, an-
alytical expressions can be found for those az-
imuthal angles at which characteristic intensity
3features within the PHC appear, and the range
of certain contributions can be given explicitly.
The by-hand method further permits more in-
sight to be gained about the factors that de-
termine the intensity pattern. Firstly, partial
transmittance and reflection occur at the inter-
faces according to the squared Fresnel amplitude
ratios r (polarisation averaged). Depending on
the incidence angle for each face encountered, a
ray may also experience total internal reflection
whenever the critical angle αTIR = arcsin (1/n)
is exceeded. The laser-beam’s path through
the glass prism shown in Fig. 1(a)-(f) makes
both phenomena directly visible: Two consec-
utive segments of the laser ray, i.e. before and
after hitting a side face, will either show differ-
ent or equal intensities depending on the partic-
ular incidence angle. Secondly, geometrical con-
strains limit the effective area A⊥ intercepted by
the hexagonal crystal’s side faces, typically be-
ing less than the full face of length L (times a
unit height). Each path allows only a certain
pencil of rays to emerge from the exit face [3],
as illustrated in Fig. 1(g)-(i). This effective area
can be found by geometrical means as illustrated
exemplarily for a Liljequist PH ray-path in Fig.
2.
incident light
FIG. 2. Geometry for the geometrical optics calcu-
lation: δ is the prism angle, ψ the total deflection
angle, φ the incident angle and φ′ the refracted in-
ternal angle, both related by sin (φ) = n sin (φ′). The
sketched ray (black) is one of two possible 3-5-6-7-3
paths for δ ∈ [0, 30◦]. Its limiting ray paths (dashed)
determine the lengths x =
[−1 + 5√3 tan (φ′)]L/2,
x′ =
√
3 tan (φ′)L and y =
[−1 + 3√3 tan (φ′)]L/2.
y and x were obtained by successive application of
the law of sines. For this entry face the incidence
angle is φ = δ. The effective area is then A
(m)
⊥ =
[max (0, y)−max (0,min (x, x′))] cos (φ).
The intensity I (θ) due to all m considered
ray-paths (each involving at most k internal re-
flections) can be found by binning the total de-
flection angles ψ(m) (δ) for all paths at varying
prism orientations δ ∈ [0, 30◦] [26]. Each orien-
tation and path then adds to the intensity an
amount
dI (θ) ∝ A
(m)
⊥ (δ)
2L
k∏
i=1
r2(m,i) (δ) , (1)
multiplied with the appropriate transmittance
through the entrance and exit faces, i.e. two
factors of the form
[
1− r2]. Deflection angles
lying within the left and right hemisphere are
taken to contribute to the same intensity within
θ
(
ψ(m)
) ∈ [0− 180◦]. Therefore, the pattern
already repeats for prism-orientations δ > 30◦.
Accordingly, only 3 faces need to be considered
as possible entry faces [26]. For instance, the
intensity distribution of the type 3-7 rays was
computed via rays entering the three left-most
faces in Fig. 2 (faces 3, 4, 8). The supplementary
material includes a map containing all paths and
their deflection angles as a function of the prism
orientation, as well as the limiting ray paths nec-
essary to find the effective areas A
(m)
⊥ . An open-
source real-time implementation of the code is
available upon request.
To compare the angular (azimuthal) posi-
tions of the appearing features, such as the limit-
ing PH angles, the effect of a non-zero elevation
e of the light source (or sun) relative to the basal
prism faces must be taken into account. For non-
zero elevations, the deviation can be calculated
with the Bravais index of refraction for inclined
rays [8],
n→
√
n2 − sin (e)2/ cos (e) . (2)
For about ∼ 40◦ solar elevation the effective in-
dex of refraction of ice reaches the value for a
glass prisms at zero light-source elevation. A
comparison of the results using this simplified
approach to a full Monte Carlo ray tracing sim-
ulation using HaloSim is shown in Fig. 3 for near-
zero and e = 20◦ elevation. Expectedly, for in-
creasing elevations and thinner plate crystals the
simple GOA model starts to deviate significantly
4from the results obtained. These deviations are
due to ray paths entering through the top face
1 (mainly 1-3-2 and 1-3-8-2) which then start
to become important. Accordingly, as we re-
strict ourselves to paths which enter side-faces,
many features will be prominent for thick plate
oriented crystal displays at very low solar eleva-
tions only.
Nonetheless, several features that we discuss
are solely due to in-plane ray paths or ones which
differ from those only by additional internal re-
flection from the top and bottom basal faces,
leaving the projected ray-path invariant to the
in-plane paths we describe [8]. This applies to
the PH, the Liljequist PH, the 90◦-PH and the
later discussed round trips. Further, some ray-
paths have counterparts on the subparhelic circle
[3]. Again, these differ from the corresponding
ray-paths of the PHC only by internal reflections
at the top and bottom basal faces.
Finally, we note that imperfections in the
crystal shape will not allow certain paths while
completely different ones may become possible.
Only the external reflection mechanism is mostly
insensitive to deviations from perfect hexagonal
shapes. Of course, all of the above reservations
do not apply to the experiment we describe.
III. ILLUMINATING A STATIC PRISM
Placing a prism on the table close to a
shadow, one may easily observe several emerg-
ing beams of light as shown in Fig. 4. Some are
the outcome of a paths involving refraction and
display a vivid spectrum at certain angles, while
others remain white. They correspond to paths
with and without net refraction. Still others be-
come blueish at certain angles, signifying earlier
onsets of total internal reflections for blue color.
IV. ILLUMINATING A ROTATING
PRISM
For more quantitative investigations and
comparisons with the theory, one may use any
camera capable of taking RAW images and long
exposure times. To reduce noise, the ISO set-
ting should be set to its minimum value. In our
experiment we have used a Fujifilm X-E1 cam-
era with the XF 18-55mm kit zoom-lens, using a
maximum exposure time of 30 seconds in the T
mode. The RAW files were then converted to lin-
ear tiff images using the free software MakeTiff
[27]. This allows a quantitative assessment of the
true intensity recorded by the camera. JPG files
already involve a nonlinear processing done by
the camera software and are thus only suitable
for color images and the analysis of the percep-
tion of halo colorings. Using a tripod and rotat-
ing the prism using a stepper-motor, very accu-
rate average intensity patterns can be projected
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FIG. 3. PHC intensity distribution for light source
elevations (a),(b) e = 1◦ and (c),(d) e = 20◦. The
simplified model is shown as dashed lines. The noisy
lines show a full Monte Carlo simulation (5×106 rays)
using HaloSim [22] for plate-oriented (gray lines),
Parry oriented (blue lines) and horizontal column ori-
ented hexagonal crystals with the aspect ratio set to
2 (a,c) and 0.3 (b,d), as sketched by the insets. The
left column is filtered for rays entering and exiting
side faces only. The dark grey line assumes tilt an-
gles of 0.1◦ and parallel light while the light grey lines
assume 1◦ and a light source diameter of 0.5◦. For
high solar elevations the full simulation deviates from
the simplified model considerably, see right column.
The deviation is smaller for thicker plates.
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FIG. 4. Illuminated BK7 hexagon showing vari-
ous reflections and refractions as emanating columns.
The calligraphic numbers specify the ray-path. The
widths indicate the geometrical constraints while the
lengths indicate the path complexity. Elevation and
orientation were e ≈ 33◦ and δ ≈ 18◦, respectively.
on a screen surrounding the prism as shown in
Fig. 5. The screen need not be perfectly hemi-
spherical, since a polygonal path may later be
used to extract the intensities along with the
angular coordinates relative to the forward di-
rection. To compare the recorded images with
theory, we first investigated the pattern using
a monochromatic blue laser diode operating at
wavelength of λ = 405 nm. Color images using
a projector-lamp were recorded next. We also
translated wavelength-dependent theoretical in-
tensity distributions into the color images using
the spectrum of the light-source, the CIE stan-
dard calorimetric observer response function and
a typical RGB conversion matrix of the tristim-
ulus values [28]. For more realistic images, the
non-linear sRGB values were computed and are
shown for comparison along with the experimen-
tal data in Fig. 6 and Fig. 7. A similar procedure
has previously been applied to study the visibil-
ity of tertiary rainbows [29].
V. THE INDIVIDUAL CONSTITUENTS
OF THE PHC
In the following sections we discuss the most
prominent features in the intensity distribution
one by one based on the theoretical ray-paths.
The characteristic azimuthal angles will be given
for BK7 glass and blue light (n = 1.53) and for
ice (n = 1.31) to allow both a comparison to our
experiment and to features on the natural PHC
with the restrictions mentioned before.
A. The 22◦ parhelia
According to the ray classification, the ray
paths responsible for the parhelia are named 3-7,
see Fig. 1(b). It is readily seen that the halo an-
gle corresponds to the angle of minimum devia-
tion through a γ = 60◦ prism [8, 30],
sin
(
θminPH + γ
2
)
= n sin
(γ
2
)
. (3)
While for the ice halo the result is θminPH ≈ 22◦,
for the BK7 glass prism the angle becomes
θminPH ≈ 38◦, see Fig. 6(a). Red colors are re-
fracted more, and hence the PH appear reddish
towards the light source, see Fig. 6(b). The
width ∆θPH ≈ 21◦ of the PH can be found
width the help of the angle of maximum devia-
tion for grazing incidence on a prism [8], θmaxPH =
pi/2−γ+arcsin (n sin (γ − arcsin (n−1))). In na-
ture, PH appear more narrow since their inten-
sity decays steeply as 1/
√
θ − θminPH . The finite
0°
incident light
screen
stepping motor
FIG. 5. Photograph from above of the illuminated
screen for a rotating prism illuminated at e = 0◦. A
tripod-mounted camera was used to take Raw images
in this configuration. Fig. 6(b) and Fig. 7(b) show
the spectra along the screen converted to an angular
scale.
6angular width of the sun of 0.5◦ broadens this
divergence to a finite peak of about the same
width [30]. This effect is also responsible for the
characteristic concave-convex shape in the inten-
sity distribution [24, 30]. The perceived angular
extent of the PH is ultimately also determined
by the chromatic dispersion of about 1.1◦ for ice
and 1.6◦ for BK7 glass, respectively.
B. External and internal reflections
The simplest explanation of the parhelic cir-
cle is that it is caused by external reflections
from the side faces of the hexagonal prisms [8],
i.e. the most simple rays categorized as 3, accord-
ing to their only face they encounter. An ana-
lytical expression for the PHC intensity distri-
bution based from this mechanism can be found
in Ref. [14]. For natural ice halos earlier stud-
ies already showed that external reflections con-
tribute negligibly to the PHC [3]. Instead, the
path 1-3-2 is by far the most common contrib-
utor at high solar elevations. It consists of a
single internal reflection and two compensating
refractions. However, for low solar elevations its
contribution weakens and different paths such
as 3-8-7 become the most prominent contribu-
tors [3], see also Fig. 3. Only the latter ones are
within the scope of the simple model discussed
here. A brief examination of the experimental as
well as calculated data leads to the conclusion,
that only within the near-forward direction be-
tween the light source and the PH external re-
flections contribute appreciably.
C. The 90◦ parhelia
In laboratory experiments the so-called 90◦-
parhelia were observed and explained [7, 8] by
the ray-path 3-5-7-3, see Fig. 1(b). Already the
ray-path suggests its close similarity to the 22◦
parhelia. The consecutive internal reflections by
two faces making an angle γ = 60◦ results in an
additional deflection by 2 (pi − γ). Since the to-
tal deviation ψ exceeds 180◦, the actual observed
angle towards the light source will be 2pi−ψ. Ac-
cordingly, the analysis of the angle of deflection
yields an angle of minimum deviation (but max-
imum angular distance from the light source) at
θmax90◦ = 2pi/3− θminPH = 2 arccos (n/2), with an in-
verted color sequence for this halo phenomenon
as compared to the common PH, see Fig. 6(b).
Notably, the ray path is similar to the secondary
rainbow, including the colour sequence [1]. For
ice the halo would appear at about θmax90◦ ≈ 98◦,
while for BK7 the angle is θmax90◦ ≈ 80◦. However,
the fact that the intensity of the 90◦-PH is ap-
proximately 3 orders of magnitude fainter than
the 22◦ PH explains why it has not yet been ob-
served in nature and makes future observation
difficult at best. In the glass prism experiment,
where the otherwise dominant path 1-3-2 is ab-
sent, the halo can be observed clearly. Following
an approach originally due to A. Bravais [8], ob-
structing all but two opposing faces blocks out
the intense parhelia. Then, the 90◦-PH will show
up as the brightest full-spectrum halo. It has
been speculated before [8] that Hevel’s curious
circular halo from 1661 could be explained by
this ray path, although full 3D ray-tracing sim-
ulations by W. Tape could not support this con-
jecture [3, Display 11-1]. Lastly, an even weaker
second order 90◦-PH has been observed by Bra-
vais using a triangular prism [8]. Its ray path
corresponds to 3-7-5-3-7-5 with a minimum de-
flection angle of θmin90◦,2 = 2pi/3 + θ
min
PH with the
same color sequence as the 22◦-PH.
D. The 120◦ parhelia
The natural white 120◦ parhelion at large so-
lar elevations is predominantly caused by 1-3-8-2
rays [3], cf. Fig. 3(d). This path involves two
internal reflections by the adjacent faces 3 and
8, and thus cause a constant deflection by 120◦.
The ray enters and leaves through the top and
bottom basal faces, respectively. At low solar
elevations, the former path looses intensity and
a very different path, namely the ray 3-5-7-4,
becomes important [3, 8]. This path resembles
the one responsible for the 90◦-PH shown in Fig.
1(b), but instead of exiting through the entry
face 3 it exits through the adjacent one 4. The
internal angles for the entry and exit are identi-
cal such that no net-refraction occurs. Accord-
ingly, one finds that such a ray experiences an
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FIG. 6. (a) Azimuthal intensity distribution for parallel light incident on the glass hexagon (artificial PHC).
Only the paths indicated were considered in the geometrical optics calculation, Eq. (1). Individual ray path
contributions (coloured thin lines) and their total sum (lower thick black line) are shown, along with the
experimental data (upper thick black line). The triangles mark the round-trip ray path azimuths and
intensities as computed with Eq. (8), section V G. Some contributions have been textured to allow easier
identification in Figs. 8 & 7. The data intensity scale (left) spans one decade less than the theoretical scale
(right). (b) Experimental image (top) along the screen (see Fig. 5) and computed image (bottom). White
areas correspond to overexposure / saturation.
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FIG. 7. (a) Azimuthal intensity distribution when all but two opposing faces of the prism are masked
(see inset sketch). The experimental data (black) as well as the geometrical optics calculation for
n = {1.53, 1.52, 1.51} (blue, green, red). The residual PH around 39◦ is due to imperfect masking. (b)
Experimental image (top) along the screen (see Fig. 5) and computed image (bottom) for the cardboard-
covered prism.
orientation- and color-independent constant to-
tal deflection by ψ = 4pi/3, corresponding to an
azimuth of θ120◦ = 2pi − ψ ≡ 120◦. The re-
verse path 3-6-8-4 is also possible. In the ex-
periment, upon rotation of the prism, one ob-
serves a non-moving bright spot. Although the
deflection remains constant, a homogeneously il-
luminated prism will redirect a pencil of rays of
different width depending on the orientation of
the prism. If a screen is located far enough from
the prism, this halo shrinks to the angular extent
or divergence of the light-source. This is similar
to the natural counterpart which should have an
extent determined by the angular width of the
sun and the orientational ordering of the plate
crystals. In the experiment, at closer distances
the angular extent of this feature becomes lim-
ited by the size of the prism. Accordingly, the
two bright stripes in the experimentally recorded
color spectra and the two peaks in the monochro-
matic intensity distribution directly indicate the
average of the effective areas of the incidence
beam that are intercepted and redirected into
this direction, see Fig. 6(b).
8E. The Liljequist parhelion
First observed by Go¨sta Hjalmar Liljequist
in 1951 in Antarctica [31], the Liljequist parhe-
lion denotes the intensity feature associated with
rays that are totally internally reflected twice.
It was first simulated by E. Tra¨nkle and R. G.
Greenler in 1986 [18] and then explained by W.
Tape in 1994 [3]. It was subsequently investi-
gated regarding its coloring with Monte-Carlo
methods by J. Moilanen in 1996 [32]. Unambigu-
ous photographs of this rare halo can be found
for O. Slev’s Rovaniemi display (28 Oct. 2012)
and for the spotlight experiments done by M.
Riikonen (Rovaniemi, 7/8th Dec. 2008). Also
in the book of W. Tape the subparhelic coun-
terpart is shown [3, Display 7-1]. For ice, this
feature appears at about 27◦ to both sides of
the anthelic point, cf. Fig. 8(b). Primarily two
ray paths contribute to this halo, namely the
3-5-6-7-3 ray and the 3-8-7-5 (and its reverse)
ray. Figure 1 shows photographs of both paths
in (e) and (c), respectively. For BK7 glass both
paths cause PHC intensities at clearly separate
azimuths. Considering the former ray path first,
the angular extent and position is determined by
two effects. A steep decrease in intensity occurs
at an angle corresponding to the deflection angle
of this ray when the identical internal reflections
at interfaces 5 and 7 become total internal re-
flections, cf. the schematic in Fig. 2. The cor-
responding azimuth when this happens is given
by
θL1 = 2 arccos
(
n cos
(pi
6
+ αTIR
))
. (4)
For BK7 glass the angle is θL1 ≈ 120◦. For ice
the azimuth is θL1 ≈ 153◦ and marks the coor-
dinate of highest intensity of the Liljequist PH.
For blue light the angle is smaller by about 2◦
for both ice and glass, such that the halo be-
gins with a transition from blue towards the sun
over cyan to white and Fig. 8(c). The coloring is
therefore not mediated by a net refraction of the
rays which emerge from the prism, in contrast
to the 22◦- and 90◦-PH. Experimentally, the ef-
fect is best seen when separated from other con-
tributors in this ”busy azimuthal domain”, see
Fig. 6(a),(b) around 120◦. The obstruction of all
but two opposing crystal faces allows an individ-
ual investigation of this peculiar halo contribu-
tion, see Fig. 7(a),(b). In particular, this restric-
tion of partaking prism faces also eliminates the
120◦-PH and the overlapping 3-7-5 contribution.
The maximum angle of this halo is determined
by the geometrical constraint that the exit ray
must still hit the entrance face. Successive ap-
plication of the law of sines may be used to find
the corresponding entrance ray positions admiss-
able, whereby the azimuthal limits are found as
[
θminL1 , θ
max
L1
]
=
[
2 arccos
(n
2
)
, 2 arccos
(
n
2
√
19
)]
,
(5)
such that the azimuthal beginning of this fea-
ture coincides with the boundary of the 90◦-PH,
i.e. θminL1 = θ
max
90◦ . For ice the azimuthal range is
[98◦, 163◦], whereas for BK7 glass this amounts
to a range of [80◦, 160◦], see Fig. 6(a). The decay
towards the low angle side at θminL1 occurs about
three decades below the plot-range and is thus
not seen in the figure.
The second contributor is the 3-8-7-5 ray
path. Its azimuthal limits are found to be
θmaxL2 =
5pi
6
+ arcsin
(
n cos
(pi
6
+ αTIR
))
,
θminL2 =
pi
3
+ 2 arcsin
(n
2
)
. (6)
For BK7 glass this corresponds to an azimuthal
range of [160◦, 180◦], whereas for ice this corre-
sponds to a range of [142◦, 163◦], see Fig. 8(a).
For ice crystals, both ray paths contribute al-
most equally to the Liljequist PH, while its vis-
ible angular width should be determined by the
latter contribution, i.e. ∼ 21◦ at almost zero
solar elevation. Figure 8(c) shows simulations
of the coloring of the Liljequist parhelia ex-
pected for low solar elevations and match the
photographs from the spotlight experiments by
M. Riikonen.
F. The blue spot
Recently, the PHC blue spot phenomenon
was explained [15] by the properties of the ray
path 1-3-2. A wavelength-dependent total in-
ternal reflection at interface 3 is responsible for
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FIG. 8. Intensity plot as in Fig. 6(a), but for (a)
acrylic glass, n = 1.48 as in Fig. 14 of Ref. [7] and
(b) ice, n = 1.31 (cf. Refs. [19–21, 23]). (c) Col-
oring for ice (PH are overexposed) at different solar
elevations e = {0◦, 10◦, 20◦} (top to bottom). Only
in-plane paths were considered, i.e. not the blue spot
phenomenon.
the blue spot occurring at an azimuth θ132 =
2 arcsin (n cos (arcsin (1/n)) / cos (e)). In this ex-
pression, the index of refraction rather than the
Bravais index of refraction is to be used. In Fig.
3(d) this angle corresponds to the drop-off of
the intensity near 128◦, cf. Fig. 2 and 3 in Ref.
[15]. Possibly, the unaccounted excess azimuthal
width of the blue spot can be attributed to the
ray path 3-5-6-7-3, encountered in the previous
study of the Liljequist PH. Its blueish edge color
at θL1 overlaps with the blue spot for solar eleva-
tions e ≈ 25◦. This coincides with the conditions
for which the majority of the photographic evi-
dence exists [15]. Whether a contributor or not,
the same mechanism of wavelength-dependent
total internal reflection causes the blue spot ob-
served in the experiment. It is therefore an il-
lustrative explanation for the blue spot ice halo
phenomenon on the PHC.
In the table top-experiment, the ray path
3-7-5 also shows a blueish edge. This is due to
the occurrence of total internal reflection at the
second interface 7, leading to a steep drop-off of
the intensity at a characteristic azimuthal angle
θ375:
θ375 =
pi
3
+ 2 arcsin
(
n cos
(pi
6
+ αTIR
))
. (7)
While this path only contributes little to the nat-
ural ice halo, it shows up clearly for glass, cf. Fig.
6. For BK7 glass it appears at 120◦, shifting
towards smaller angles for smaller refraction in-
dices, cf. Fig. 8(a) for acrylic glass with n = 1.46.
Since θL1 and θ375 coincide for BK7 glass and
occur at the position of the 120◦-PH, a complex
blue/white feature is seen in our experiment with
e = 0◦, see Fig. 6(b).
G. Round trips
If the hexagon is oriented such that a face is
almost normal to the incidence beam (δ small, cf.
Fig. 2), round trips can be observed for rays im-
pinging on the face close to its end. The Liljeq-
uist PH ray path 3-5-6-7-3 constitutes the round
trip of order i = 1, and is shown in Fig. 1(e). The
construction of the i-th order round trip is now
recursively defined as follows: The exiting face
of the preceding round trip is replaced by two to-
tal internal reflections at the very same face and
its predecessor, followed by exiting through the
face opposite to the predecessor. Accordingly,
the second order i = 2 round trip ray path is
3-5-6-7-8-3-5 as shown in Fig. 1(f). Photographs
of the first seven round trips can be found in the
supplementary information. Each increase in the
round trip order increases the total deflection an-
gle by 120◦. Staring with the first order round
trip, the maxima occur for orientations around
δi = arcsin(n/
√
1 + 3x2) and cause correspond-
ing deviations of
θi =
pi
3
x+ 2 arcsin
(
n√
1 + 3x2
)
mod 2pi, (8)
with x = 2i + 1 and i = 1, 2 . . . , such that they
occur at azimuths of θi or 2pi − θi when θi > pi.
For zero elevation, BK7 glass and blue light
(n = 1.53) these maxima occur at θ1,2,... = 146
◦,
40◦, 74◦, 169◦, 51◦, 68◦, 173◦, 54◦, 65◦, 175◦.
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The sensitivity of the deviations in Eq. (8) on
the refractive index (and thus also on elevation)
is weak, such that these features appear color-
less. Their intensity drops as 1/x such that most
of them could be observed in the experiment,
see Fig. 6(a),(b). The reason for weak decay are
the total internal reflections occurring at all but
the entry and exit faces. The drop almost ex-
clusively stems from the geometrical constraint,
similar to Fig. 2. These constraints were also
used to arrive at Eq. (8). The triangular solid
markers in Fig. 6(a) show the angles computed
with Eq. (8) and the scaling ∝ 1/x. Starting
with i = 2, the widths of these peaks narrow
down as
sin (∆θi) ≈ 8n√
3
x−2 +
4n√
3
[
7 +
n2
3
]
x−4, (9)
which is accurate to within less than 1%. A
previous experiment also showed the first three
round-trips [7], although they are not discussed
and higher orders are absent, presumably due to
the use of a low-quality hexagonal prism. As this
phenomenon requires near-perfect hexagons, it is
doubtful whether any indication of it should be
expected in nature. If such ice halo should be
observable, the features near θ2 = 43
◦, θ3 = 72◦
and θ4 = 170
◦ for very low solar elevations are
the best candidates, see Fig. 8(a). The appear-
ance would indicate almost perfect hexagonal ice
crystals. A similar indicative ability has been
identified by M. Riikonen in a blog article [33].
He found that imperfect hexagons would result
in the disappearance of the Liljequist PH. Fi-
nally, the partial retroreflection at the exit-face
of these rays (cf. Fig. 1(e,f)) cause further faint
features at constant azimuths of 120◦ and 0◦.
VI. OUTLOOK AND SUMMARY
Using two prisms, the mechanism for the 44◦
parhelia may be investigated. Placing a sec-
ond prism close to the first prism at an angle
corresponding to the PH angle θPH, the succes-
sive deflection through both prisms leads to a
feature at twice the minimum deflection angle
θmin44◦PH = 2θ
min
PH , i.e. the 44
◦ parhelia. For BK7
glass, this halo appears at ≈ 80◦ as clearly visi-
ble in the experiment, see Fig. 9. Also Parry arcs
may be studied with a single rotation axis [7].
Other halo phenomena such as the tangential
arcs may be observed with more complex setups
([7, 12], cf. also the work of Michael Großmann,
Arbeitskreis Meteore e.V.). Unfortunately, nei-
ther the spectacular circumhorizontal arc nor the
circumzenithal arc can be investigated using a
glass prism [7]. The responsible ray paths, 1-3
and 3-2, respectively, correspond to refraction
through a γ = 90◦ prism. However, an outgo-
ing ray is prevented by total internal reflection
at the second interface for any material with a
refractive index n >
√
2, which is the case for all
practical prism materials. Making an impression
of the glass prism with some moulding material,
a hexagonal mould for ice crystals may be pro-
duced. The use of pre-boiled water prevents the
formation of bubbles during freezing and thereby
allows the construction of clear ice crystal mod-
els. Alternatively, the use of water-filled prisms
has been proposed by A. Bravais [8], who used
a spinning triangular prism. It should be most
interesting to think about further visualisation
and demonstration possibilities in this field of
atmospheric optics.
In summary, we have presented a theoretical
approach to efficiently obtain the intensity dis-
tribution of the natural parhelic circle for low so-
lar elevations as well as for artificially generated
parhelic circles obtained in rotating prism halo
demonstration experiments. Based on a ray-by-
ray analysis in geometrical optics, we gave ex-
plicit expressions for several characteristic angles
on the PHC for plate-oriented crystals. Partic-
ularly, the two superposing constituents of the
Liljequist parhelia were shown to be connected
to two corresponding but separable features in
the glass-prism experiment.
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FIG. 9. Experimental setup for the demonstration of
the mechanism causing the 44◦ parhelia. The left and
right image shows the situation without and with ro-
tation, respectively. The prisms have been mounted
on axial ball bearings which sustained rotation for a
few seconds.
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